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Abstract

Optimization using network traffic models requires computing gradients of objective functions
with respect to model parameters. However, derivation of such gradients has often been considered
difficult or impractical due to their complexity and size. Conventional approaches rely on numerical
differentiation or derivative-free methods that do not scale well with the parameter dimension, or
on adjoint methods that require manual derivation for each specific model. This study proposes
a novel end-to-end differentiable network traffic flow simulator based on automatic differentiation
(AD), employing the Link Transmission Model (LTM) and a Dynamic User Optimum (DUO) route
choice model. The LTM operates on continuous aggregate state variables through piecewise-linear
min/max operations, which admit subgradients almost everywhere and thus require no smooth
relaxation for AD. The DUO is also suitable for AD: although the shortest path search is itself
discrete, the resulting diverge ratios at each node are continuous functions of per-destination vehicle
counts and are thus differentiable. In order to demonstrate the capability of the proposed model,
we solved a dynamic congestion toll optimization problem on the Chicago-Sketch dataset with
approximately 2500 links, 1 million vehicles, a 3-hour duration, and 15000 decision variables.
The proposed model successfully derived a high-quality solution in 3000 iterations, taking about
40 minutes. The simulator, implemented in Python and JAX, is released as open-source software
named UNsim (https://github.com/toruseo/UNsim).

Keywords: Traffic flow theory; Dynamic traffic assignment; Dynamic user optimum; Automatic
differentiation; Network traffic optimization

1 Introduction
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Network traffic flow models and simulation tools are fundamental to a wide range of traffic engineering
and science tasks, from demand estimation and parameter calibration to network design optimization
and real-time traffic control. In general, these tasks share a common computational need: evaluating
how simulation outputs (e.g., total travel time, link volumes, queue lengths) respond to changes in
the simulation inputs (e.g., origin-destination demand, fundamental diagram parameters, toll, traffic
signal configuration). Efficient computation of this input—output sensitivity is therefore a central
methodological challenge, particularly as the network scale and the dimension of the decision space
grow.
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Conventional approaches treat the simulator as a black box and employ derivative-free methods
such as SPSA (Spall, 1998) and genetic algorithms (Goldberg, 1989). These methods are not very
computationally efficient when the parameter dimension is large. Surrogate-model or metamodel
approaches can accelerate the search by approximating the derivatives using data-driven or analytical
methods (Osorio and Chong, 2015; Song et al., 2017; Fu et al., 2024; Dantsuji et al., 2024),
but may introduce approximation errors or physical inconsistencies, especially when a data-driven
approximation is employed. An alternative is the adjoint method, which computes exact gradients
analytically (Reilly et al., 2015). However, the adjoint equations must be derived manually for each
specific model, making the approach labor-intensive and difficult to maintain as the model evolves.

Differentiable simulation offers a way to combine the exactness of adjoint gradients with the
generality of Automatic Differentiation (AD). In this approach, the simulator is written as a composition
of differentiable operations, and the AD framework derives the gradient automatically (see Appendix
A for a brief overview of AD). This paradigm has been applied successfully in other domains (Hu et al.,
2020; Chen et al., 2018). In the traffic flow domain, Poole and Kotsialos (2016) applied AD to the
METANET second-order macroscopic model (Papageorgiou et al., 2010) for parameter calibration, and
Son et al. (2022) proposed a differentiable hybrid simulator combining macroscopic and microscopic
models. However, these works have been limited to either single-link or simplified network settings,
without endogenous route choice, which is essential for network-scale transportation analysis.

Extending differentiable simulation to the network scale with route choice poses a significant
challenge: route decisions are inherently discrete (a vehicle either takes path A or path B), and discrete
operations break the differentiability of the computation graph (see Appendix A for a brief overview of
computation graphs). Andelfinger (2023) and Makinoshima et al. (2026) addressed this for agent-based
simulators by replacing discrete branching with smooth approximations, but these relaxations alter the
model behavior and may affect gradient quality, and they do not explicitly consider endogenous route
choice either.

This study proposes a simple yet effective approach for traffic simulation with AD. We observe
that macroscopic traffic flow models based on the kinematic wave theory (Lighthill and Whitham,
1955; Richards, 1956; Newell, 1993a) operate on continuous aggregate state variables (cumulative
vehicle counts), and that the piecewise-linear operations arising from demand—supply constraints and
node models admit subgradients almost everywhere.! Furthermore, thanks to the elegant nature
of cumulative vehicle counts, they yield not only macroscopic states but also microscopic vehicle
trajectories (Makigami et al., 1971). Based on this observation, we formulate a differentiable network
traffic flow simulator based on the Link Transmission Model (LTM) (Kuwahara and Akamatsu, 2001;
Yperman et al., 2006; Yperman, 2007), incorporating a Dynamic User Optimum (DUQ) route choice
model (Ran et al., 1993; Kuwahara and Akamatsu, 2001), without introducing significant smoothing
relaxation that compromises the models’ properties. The resulting simulator is end-to-end differentiable
almost everywhere, meaning that gradients of an arbitrary simulation output (e.g., total travel time) with
respect to each input (e.g., demand, capacity, toll) can be exactly and simultaneously computed via AD
in a single operation. We verified that the values obtained by AD are qualitatively and quantitatively
reasonable using small toy networks. Furthermore, we numerically confirmed the efficiency of the
proposed method by applying it to a dynamic congestion pricing optimization problem based on a
large-scale, realistic network called the Chicago-Sketch dataset. The developed simulator, named
UNsim, is implemented in Python (Python Software Foundation, 2022) with JAX (Bradbury et al.,
2018) and released as open-source software.

"Note that “almost everywhere” is a mathematical technical term with a rigorous definition. For example, “f(z) is



The remainder of this paper is organized as follows. Section 2 reviews the related literature.
Section 3 describes the simulation model and the differentiable formulation. Section 4 presents
numerical experiments that demonstrate the capability of the proposed model. Section 5 concludes
the paper.

2 Literature review

2.1 Macroscopic traffic flow models and network extensions

The kinematic wave theory of Lighthill and Whitham (1955) and Richards (1956) established the
first-order macroscopic traffic flow model (LWR model). Newell (1993a,b,c) reformulated the LWR
model under a triangular fundamental diagram (FD) using cumulative vehicle count curves N (t, ),
avoiding explicit shock tracking. Based on this formulation, Kuwahara and Akamatsu (2001) developed
anetwork-level dynamic traffic assignment (DTA) model with demand—supply functions, and Yperman
et al. (2006); Yperman (2007) systematically proposed the discrete-time LTM.? The LTM provides
an exact numerical solution to the LWR model and is computationally more efficient than the Cell
Transmission Model (CTM) (Daganzo, 1994) owing to its coarser spatial discretization.

Node models govern flow transfer at junctions. Daganzo (1995) proposed node models consistent
with CTM. Lebacque (1996) introduced the demand—supply framework for boundary conditions.
Tampere et al. (2011) established seven requirements that any first-order node model must satisfy and
defined the generic class of node models. Flotterod and Rohde (2011) proposed the Incremental Node
Model (INM) for general multi-leg intersections, and Smits et al. (2015) unified several node model
families.

2.2 Dynamic route choice

Static traffic assignment is based on Wardrop’s user equilibrium principle (Wardrop, 1952), under
which no traveler can reduce their travel time by changing their route. Extending this principle to the
time-varying, dynamic setting leads to the Dynamic User Equilibrium (DUE) (Szeto and Lo, 2006).
Friesz et al. (1993) formulated DUE as a variational inequality, where travelers experience equal and
minimal actual travel times on all used routes for a given departure time. Meanwhile, since DUE is
computationally very challenging, its tractable proxy termed Dynamic User Optimum (DUO) is also
widely utilized (Iryo, 2013). For example, Ran et al. (1993) proposed an instantaneous DUO model in
which travelers choose routes based on the instantaneous travel times at the moment of departure.

Combining DUO with macroscopic network loading models yields a physically consistent DTA.
For example, Kuwahara and Akamatsu (2001) integrated DUO route choice with the LWR model to
capture queue formation and spillback in many-to-many OD networks. In the context of differentiable
simulation, incorporating an endogenous route choice model is more challenging than using fixed
turning rates, because the shortest path computation involves discrete decisions that depend on the
simulation states.

differentiable almost everywhere” means that, if the value of x is chosen completely randomly, f is differentiable with
probability 1. However, there may exist non-differentiable points in f with zero measure. A typical example is the ReLU
function max{0, 2} (Nair and Hinton, 2010), which is differentiable almost everywhere, but non-differentiable only at z = 0.
In practice, such measure-zero singularities cause no difficulty in gradient-based optimization, and ReLU is extensively used
in machine learning.

In fact, these two models (i.e., Kuwahara and Akamatsu (2001) and Yperman et al. (2006)) are almost equivalent. For
the details, see Wada and Jin (2017).



2.3 Calibration and optimization of traffic simulation models

Calibration and optimization of DTA models has traditionally relied on derivative-free methods. Spall
(2002, 1998) proposed the SPSA algorithm, which estimates the gradient using only two function
evaluations regardless of the parameter dimension. SPSA and its variants have been widely applied
to DTA calibration (Balakrishna et al., 2007; Lu et al., 2015). While these methods are effective
for moderate-dimensional problems, their convergence slows as the number of parameters grows,
motivating the search for gradient-based alternatives. Other approaches use metamodel or surrogate
model-based simulation optimization (e.g., Osorio and Chong, 2015; Song et al., 2017; Fu et al., 2024;
Dantsuji et al., 2024, and references therein). These methods typically treat the simulator as a black
box, employ differentiable approximations such as neural networks, or use analytical differentiation of
specific models.

Adjoint methods are also utilized for traffic flow optimization. The adjoint method provides an
analytical route to computing gradients of objective functions with respect to control parameters in
PDE-constrained optimization. Reilly et al. (2015) derived the discrete adjoint for networks of scalar
conservation laws (LWR model) discretized by the Godunov scheme and applied it to coordinated ramp
metering. Goatin et al. (2026) extended the approach to multiclass traffic flow models with merges,
diverges, and spillback. These methods require manual derivation of the adjoint equations for each
specific model formulation, which is labor-intensive and error-prone when the model is modified.

2.4 Differentiable simulation and automatic differentiation

Differentiable simulation has emerged as a paradigm in which the entire simulation is formulated as
a composition of differentiable operations, enabling AD frameworks to compute gradients without
manual derivation. Griewank and Walther (2008) is the standard reference for the theory and
implementation of algorithmic differentiation. Baydin et al. (2018) provides a comprehensive survey
of AD in machine learning.

Let us explain the meaning of end-to-end differentiable simulation by AD in the context of traffic
simulation in more detail. In principle, a traffic simulation can be expressed as the following equation:

y=J(x), (1)

where the vector  is the simulation input (e.g., link attributes, vehicle attributes, parameters of imposed
traffic control scheme), the scalar y is one of the outputs (e.g., total travel time, link traffic volume),
and J is the simulation method represented as a function. If the function J has certain properties, AD
derives the exact value of the partial derivative of .J at specific « (say x) with respect to all elements
of & simultaneously (i.e., VgJ|z=a,) by using so-called reverse-mode AD. This is the meaning of
end-to-end differentiability in this context. The computation time of reverse-mode AD is only a few
times larger than that of the simulation itself, regardless of the dimension of . Therefore, AD is useful
for wide-ranging applications such as gradient-based optimization and sensitivity analysis.

The challenge is that the traffic simulation function J must satisfy several conditions to be end-
to-end differentiable by AD. First, the function J should be continuous and differentiable almost
everywhere. This is a significant constraint for traffic simulations, as they often contain discrete
agents and discrete route choice. This can be relaxed by applying certain approximations (Andelfinger,
2023; Makinoshima et al., 2026); however, such continuous approximations of inherently discrete
concepts might introduce unpredictable errors. Second, the function J should be computable by a
fixed number of mathematical operations. In particular, operations such as for-loops and if-then rules,



which frequently appear in standard traffic simulation methods, are not compatible with AD, because
they may change the number of mathematical operations endogenously. For further details on AD, see
Appendix A.

In the traffic domain, Poole and Kotsialos (2016) incorporated an AD method into the METANET
second-order macroscopic model and calibrated FD parameters using resilient backpropagation. This
appears to be the earliest application of AD to a traffic flow model. Meanwhile, Osorio et al. (2011)
reformulated a DTA model based on the LTM into a stochastic and differentiable form by using
smoothed functions. Subsequent studies employed this and similar models for metamodel-based
optimization (Osorio and Chong, 2015; Chong and Osorio, 2018). Although these methods do
not use AD and cannot compute the partial derivatives with respect to all inputs in a scalable
way, the idea of differentiable simulation is relevant. In the context of AD, Son et al. (2022)
proposed the first differentiable traffic simulator supporting both macroscopic and microscopic
models, with applications to signal control. Son et al. (2025) developed a parallelized differentiable
simulator based on the Intelligent Driver Model. Andelfinger (2023) and Makinoshima et al. (2026)
addressed the differentiability of agent-based simulations by replacing discrete branching with smooth
approximations. Du et al. (2025) proposed a differentiable simulation model for passenger flow in a
metro network, in which a logit model was used to make passenger choice differentiable. Li and Nie
(2026) proposed a differentiable static traffic assignment model based on a day-to-day model.

In summary, existing differentiable traffic simulators with AD have focused on either microscopic
models or simplified macroscopic settings. To the author’s knowledge, no study integrates end-to-end
differentiability with endogenous dynamic route choice at the network scale. The most relevant and
important prior works are Osorio et al. (2011); Osorio and Chong (2015); Chong and Osorio (2018),
which derived analytical gradients of macroscopic and metamodel formulations and used them for
gradient-based optimization of congested networks, although they did not use AD. These contributions
have established that differentiability is a powerful property for traffic optimization.

The present work builds on this perspective and complements it from a different angle: instead
of deriving gradients analytically, we construct the entire dynamic network loading and route choice
procedure as a composition of operations compatible with reverse-mode AD. As a result, the gradient
with respect to all decision variables is obtained in a single backward pass at a cost independent of the
parameter dimension. This is particularly suitable for high-dimensional optimization problems, such
as dynamic congestion pricing on large-scale networks.

3 Methodology

In this section, we present the formulation of the proposed end-to-end differentiable macroscopic
traffic flow simulator. The simulator is based on the Link Transmission Model (LTM), combined with
a Dynamic User Optimum (DUO)-type endogenous route choice model, and it is formulated such that
every operation is differentiable with respect to the model parameters. We first describe the parameters
and state variables of the proposed model, and the meaning of a differentiable simulator in the traffic
simulation context (Section 3.1). Then, we overview the base models (Section 3.2), which are direct
applications of the existing works. Finally, we describe the differentiable formulation of these base
models (Section 3.3), which is the key contribution of this work. Figure 1 illustrates the conceptual
framework of the proposed model.
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Figure 1: The simulation framework combining LTM traffic flow model and DUO route choice.

3.1 Parameters and state variables, and what the differentiable simulator means

A road network is represented as a directed graph G = (N, £), where N denotes a set of nodes and £
denotes a set of directed links. Each link [ € £ connects an upstream node to a downstream node. For
each node v € N, we define £ and £ as the sets of incoming and outgoing links, respectively.

The simulation is governed by a parameter vector € (i.e., input) and produces state variables
(including output) that evolve over time. The parameter vector € consists of:

¢ For each link /: free-flow speed u;, jam density x;, and backward wave speed wy,
* For each node v: merge priorities «; for each inlink /,
* OD demand: flow rate ¢,(t) from origin r to destination s at time t.

The primary state variables are the cumulative vehicle counts at the upstream and downstream
boundaries of link [ on time t: N;y(t) and N; p(t), respectively. Under the DUO route choice
model, per-destination cumulative counts Nj;(¢) and N/ (t), where s denotes the destination, are
additionally maintained. The simulation proceeds in discrete timesteps of width A¢. The simulation
duration is Ty,ayx, and the total number of timesteps is Ts = Tinax/At. The time index ¢ refers to the
t-th timestep (i.e., t - At seconds).

In the proposed model, any state variable is differentiable with respect to an arbitrary parameter
almost everywhere. Furthermore, any differentiable function of the state variables is also differentiable.
For example, the traffic volume of a link over a certain duration can be defined as

n:Nl,D(t—i—At) —lep(t). 2)

Then, by using AD, we can directly and simultaneously compute values of On/du;, On/dq,s(t), and
so on by just performing one forward simulation and one AD operation. The computation time for an
AD operation is several times (usually 2-5 times) longer than that of the forward simulation alone and
does not depend on the number of parameters. Similarly, we can also define the total travel time 77T
based on the state variables. Partial derivatives such as TT7T/0u; and OTTT/0q,s(t) can also be
computed.



3.2 Base models

In this section, we overview the employed base models for simulation, namely, LTM (Kuwahara and
Akamatsu, 2001; Yperman et al., 2006), INM (Flotterod and Rohde, 2011), and DUO (Kuwahara
and Akamatsu, 2001). Since they have been proposed in existing studies, this section provides only
the information necessary to understand these models, along with the specifications adopted in the
proposed simulation model. For the details on these models, refer to the respective original articles.

3.2.1 Link model: Link Transmission Model

The link model is based on the LTM (Kuwahara and Akamatsu, 2001; Yperman et al., 2006; Yperman,
2007), which provides an exact numerical solution to the LWR model (Lighthill and Whitham, 1955;
Richards, 1956) under a triangular FD.
Each link [ is characterized by a triangular FD (Fig. 2) with three parameters: free-flow speed u;,
traffic capacity ¢g;, and jam density ;. The flow—density relation is
uk if k < k7, 3)
Qi(k) = . .
wl(lil — k:) itk > kj, 4)
where & denotes the traffic density, k] = ¢/ /u; is the critical density, and w; = ¢} /(k; — k') is the
backward wave speed. The corresponding speed—density relation is

Lo fu if k < K}, )
1(k) = Qu(k)/ _{wz(m—’f)/’f itk > kr. (6)

flow q

q;

density k

K

Figure 2: Triangular FD.

The LTM uses the cumulative vehicle counts (i.e., the number of vehicles that passed the location
from a certain reference time to the current time) at the upstream and downstream ends of each link as
its state variables. They are denoted as N} ;7 (t) for upstream and N; p(t) for downstream, respectively,
of link [ at time ¢.

The LTM is derived from Newell’s simplified kinematic wave (KW) theory (Newell, 1993a,b,c),
which determines the cumulative vehicle count at any time—space point (¢, ) within a link as

Nl(t,x) = min{leU <t— 5) , Nl,D (t— di _x) +/€l<dl —a:)}, @)
l

wi

7



where d; is the length of link /, and « is the distance from the upstream boundary. The first argument
corresponds to the free-flow characteristic, and the second to the congestion characteristic.

At each timestep ¢, the LTM computes the demand D,(t) and supply S;(t) of each link. The
demand represents the maximum flow rate that can depart from the downstream boundary, while the
supply represents the maximum flow rate that the link can accept at its upstream boundary. By applying
the Newell formula (Eq. (7)) to each end (x = 0 or d;), they are computed as

. Niyt+ At —d — N, t "

Dl(t) - IIHH{ b ( A ;/UI) l,D< )a q; } y (8)
. N, t + At —d + d; — N, U t %

Sl (t) = min { l7D( l/w.i) i b ( )7 QZ } . (9)

The non-negativity constraints D;(¢) > 0 and S;(¢) > 0 are also enforced.

The realized flow that enters link / during time [t, ¢ + At) is denoted as f;"(¢), and the flow that
leaves the link is denoted as f{"*(¢). These values are determined by the node model described in
Section 3.2.3, considering the interactions among connected links. Then, the cumulative counts are

updated as

Ny (t+ At) = Ny (t) + At - f7(1), (10)
Nip(t+ At) = Nip(t) + At - fP(1). (11)

See Fig. 3 for an illustration of the mechanism of the LTM.

The timestep width must satisfy At < d;/u; for all links to ensure numerical stability, which is
the Courant-Friedrichs-Lewy (CFL) condition for the LTM (Yperman, 2007). However, this width is
generally significantly larger than that of other models such as CTM and microscopic car-following
models.

3.2.2 Virtual vehicle trajectories in LTM

A notable property of the cumulative count representation is that it yields not only macroscopic traffic
states but also individual vehicle trajectories (Makigami et al., 1971). Since the cumulative count
N, (t) records the total number of vehicles that have entered link [ by time ¢, a vehicle entering at
time fenter 18 assigned the index N = N 7 (tenter). Under the first-in first-out (FIFO) assumption, this
vehicle is also the IN-th vehicle to exit the link; therefore, its exit time is determined by the time at
which the downstream cumulative count reaches the same value:

d
texit = Max {tenter + glv Nl_Dl(N)} s (12)
. )

where N, (V) denotes the time at which N, p(t) = N. The first argument represents the free-flow
constraint (the vehicle cannot traverse the link faster than u;), and the second represents the queuing
constraint (the vehicle must wait for preceding vehicles to depart). Figure 4 illustrates the relation
between vehicle trajectories and cumulative counts.

Regarding network-level trajectories, for a path P = (ly,l2,...,lp), the travel time of a virtual
vehicle departing at time ¢ is obtained by chaining Eq. (12) over successive links:

di _
t, = max {tp1 + u—lp, Nlp,lp(Nlp,U(tpl))} , p=1,...,P, (13)

P
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Figure 3: Mechanism of LTM. Top: time—space diagram on link /. Bottom: its cumulative curve plot.
Link [ determines its demand D; and supply S; considering its traffic state. Then, the node
model determines inflow flin and outflow f"* considering demand and supply of connected
links.

where ¢, denotes the exit time from the p-th link. The total travel time is tp — to.

The path P itself can be determined by a time-dependent shortest path algorithm, following the
DUO route choice model explained later. Since the LTM satisfies the FIFO property on every link
(a vehicle entering earlier always exits earlier), Dijkstra’s algorithm is applicable with the actual
congestion-dependent link exit time (Eq. (12)) as the edge cost. Starting from the origin at time (, the
algorithm expands nodes in order of earliest arrival time, using teyi; computed from the simulation’s
cumulative counts to evaluate each edge. The resulting path is optimal in the sense that no other path
yields an earlier arrival at the destination for the given departure time.

This formulation provides microscopic trip-level information (individual travel times and paths)
from a macroscopic simulation, without computing individual vehicles explicitly.

3.2.3 Node model: Incremental Node Model

The node model determines the flow transfer at each node by considering the demand and supply of
connected links (Fig. 5) to derive physically reasonable flow transfer and congestion spillback (Tampere
etal.,2011). We employ the INM (Flotterod and Rohde, 2011). The INM determines flows through an
iterative procedure that incrementally allocates flow along a priority-weighted direction until a demand
or supply constraint is reached. In this section, the time variable ¢ is omitted for the sake of brevity
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Figure 4: Vehicle trajectories and cumulative counts (adapted from Seo (2023)).

(e.g., Dy(t) is denoted as Dy).
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Figure 5: Node with multiple incoming and outgoing links.

Let B, = [b;,] denote the turning fraction matrix, where by, is the fraction of outflow from inlink [
directed to outlink o, and let a; denote the merge priority of inlink /. The value of B, is obtained from
the route choice model. The INM initializes inflow allocations §; = 0 for all [ and outflow allocations

go = 0 for all o, then iterates the following steps:

1. Identify the set of active inlinks D' inlinks [ where §; < D; and no outlink o with b;, > 0 is at

capacity (G, < S,).

2. Identify the set of active outlinks D*: outlinks o where Go < S, and at least one active inlink

feeds them.
If DT = ) (empty), terminate.

®

4. Compute the priority-weighted direction: (b%“ = q for | € D' (0 otherwise), and ¢S =

10
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5. Compute the maximum step size:

D;—q So—q
0 = min { min —— qu min 22— %\ (14)
€Dt @ oeDt  PoU

6. Update: §; < G, + 0¢™ and g, + g, + 02"

The procedure terminates in at most |£?| 4 |£9"¢| + 1 iterations, as at least one constraint becomes
binding at each step. The final values ¢; and ¢, are the allocated outflow and inflow rates, respectively.

3.2.4 Route choice model: Dynamic User Optimum

The node model in the previous section requires diverge ratios [3,, (or turning fractions by,) as
exogenous inputs. They are determined endogenously by a route choice model considering vehicles’
minimum-travel-time path-search-like behavior.

We employ the DUO model as the route choice model. Under the DUO assumption, vehicles
at each node select the outgoing link that lies on the instantaneous shortest path to their destination,
approximating equilibrium routing. This requires tracking per-destination flows and computing shortest
paths at some route choice update interval. We provide two methods for computing the instantaneous
link travel time, which differ in their treatment of within-link traffic heterogeneity.

The first method computes a single average density for the entire link from the boundary cumulative
counts:

A Niy(t) — Ni,p(t)

ki(t . 1
1(t) a (15)
The corresponding speed is ;(t) = V;(k;(t)) (Egs. (5) and (6)), and the travel time is
dy
7(t) = ———. (16)
0= Vi)

This method is computationally inexpensive, as it requires only the boundary values that are already
maintained by the LTM. However, it assumes uniform density along the link and thus cannot distinguish,
for example, a link that is half-congested from one with uniformly moderate density.

The second method captures within-link heterogeneity by dividing the link into M equally spaced
segments of width Ax = d;/M. For each segment ¢ = 1,..., M with boundaries z;_1 = (i—1)Ax
and x; = ¢ Ax, the segment density is computed from the Newell NV-curves (Eq. (7)) at the boundaries:

_ Ni(t,zi—1) — Ni(t, z;)
Az

. (17)
The segment speed is vl(i) (t) = Vl(k:l(l) (t)) (Egs. (5) and (6)), and the instantaneous travel time is the
sum of the segment traversal times:

Az
T(t) = ; 7‘/1(]{:1(1) (t)) (18)

This method evaluates the Newell N-curve at interior points of the link, thereby resolving the spatial
distribution of congestion (e.g., a queue occupying only the downstream portion of the link). It is more

11



computationally expensive than the average-density method, as it requires 2M evaluations of Eq. (7)
per link.

Given the link travel times {7;(¢) }, the shortest path tree from each destination s is computed by a
reverse Bellman—Ford algorithm (Ford, 1956; Bellman, 1958). For each node v, let 7} denote the next
link on the shortest path toward destination s. The shortest paths are recomputed periodically (every
Atpoute timesteps, where At,oute denotes the route update interval) rather than at every timestep,
balancing accuracy and computational cost.

The diverge ratios at each node are then determined by aggregating the per-destination shortest
path indicators, weighted by the current per-destination traffic volume. Let nj(t) = Nj(;(¢) — Nj'p(¢)
denote the number of destination-s vehicles on link [ at time ¢. For each node v and outlink 0 € £,
the diverge ratio is

2 wp(t) - 1my = o]

2 wi(t) ’

where w(t) = >, pin nj(t) for intermediate nodes, and w;(t) = ¢r4(t) (the OD demand rate from
origin r = v) for origuin nodes. In other words, the fraction of flow directed to outlink o equals the
fraction of vehicles (across all destinations) whose shortest path passes through o.

In order to evaluate Eq. (19), the DUO model maintains per-destination cumulative counts [V} u(t)
and N}, (t) for each link and destination. At the upstream boundary, the per-destination inflow is
determined by the routing decision (Eq. (19)). Atthe downstream boundary, the per-destination outflow
follows the FIFO principle:

Buo(t) = (19)

Nip(t)
Ni(t)’
out

where fPU'(t) denotes the outflow rate of destination-s vehicles from link /. This allocates the aggregate
outflow proportionally to the destination composition of cumulative arrivals.

Pat(t) = SRt (20)

3.3 End-to-end differentiable formulation

This section describes how the combined LTM and DUO simulation described above is formulated as
an end-to-end differentiable model, enabling exact gradient computation via automatic differentiation
(AD). For code implementation, we use Python and JAX.

3.3.1 Why the LTM is suitable for AD-based network traffic simulation

Agent-based (Lagrangian) traffic simulators track individual vehicles through inherently discrete events
(e.g., route decisions) that break the differentiability of the simulation mapping. Obtaining gradients
from such models requires variance-prone estimators such as policy gradients or the straight-through
estimator (Makinoshima et al., 2026).

The LTM, in contrast, operates on continuous aggregate state variables, namely the cumulative
vehicle counts N 7(t) and N; p(t), and all operations reduce to arithmetic and piecewise-linear
min/max functions. Since min and max are differentiable almost everywhere (with standard
subgradients at kink points), the entire LTM computation graph admits AD without approximation.
The key requirement is that all conditional logic (demand vs. supply binding, free-flow vs. congestion)
must be expressed through min/max rather than if-else branches, so that the computation graph remains
connected regardless of the traffic regime.
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An alternative to AD is the numerical differentiation method (e.g., finite-difference), which requires
O(]0]) forward simulations per gradient. This becomes impractical for high-dimensional parameter
vectors such as network-scale parameters. By contrast, reverse-mode AD computes the full gradient
in a single backward pass regardless of |6).

The LTM has a further advantage for AD, namely, its coarse temporal discretization. The CFL
condition for the LTM is At < min; d;/u;, where d; is the link length. For a typical urban network
with link lengths of 1001000 m and free-flow speeds of 10-20 m/s, the maximum timestep is on
the order of 5-100 s. In contrast, cell-based simulation methods (e.g., CTM, METANET) need to
employ shorter timestep and cell sizes to ensure high accuracy (e.g, 1-5 s). Microscopic simulators
typically use second or sub-second timesteps. Since reverse-mode AD must back-propagate through
each timestep sequentially, the computational and memory cost of gradient computation scales linearly
with the number of timesteps 7's. The LTM’s large timestep means that a given simulation duration
requires far fewer steps (e.g., Ts = O(10?)-O(10%)) compared to the CTM (O(10%)-O(10°)) or
microscopic models (O(10%)-0(10%)), yielding proportionally faster and more memory-efficient
gradient computation.

Furthermore, despite being a macroscopic model, the LTM allows the recovery of individual
vehicle trajectories and travel times through its cumulative count representation and the virtual vehicle
formulation, as explained in Section 3.2.2. This means that trip-level objectives, such as the travel
time of a specific OD pair departing at a given time (e.g., data from probe vehicles and connected
vehicles), can also be differentiated with respect to the model parameters. This bridges the gap between
macroscopic simulation efficiency and microscopic output granularity.

3.3.2 Differentiable LTM

We describe two implementation choices needed to express the LTM in a form compatible with AD.
In the LTM formula, the demand and supply computations (Egs. (8) and (9)) evaluate cumulative
counts at fractional timestep indices 7 = ¢ + 1 — d;/(u;At). We use linear interpolation

NZ,U(T):(1_5)'NZ,U(LTJ)+(5'NZ,U(|_7_J+1)7 (SZT—LTJ, (21)

which is differentiable with respect to both the stored cumulative count values and the index 7 itself.
Since 7 depends on the FD parameters u; and w;, perturbations to these parameters alter the temporal
offset at which past cumulative counts influence the current demand or supply, and the gradient correctly
captures this coupling.

The virtual vehicle travel time (Egs. (12) and (13)) requires inverting the downstream cumulative
count (i.e., finding the time ¢ at which V; p(t) = N for a given NN). Since N; p is stored as a
discrete array and is monotonically non-decreasing, the inversion is implemented in two steps: first,
the segment [|¢], [¢] + 1] containing the target value is identified by binary search; second, the
fractional index within the segment is obtained by the same linear interpolation as Eq. (21), applied
in reverse. The segment selection is a discrete operation (non-differentiable), but the subsequent
interpolation is differentiable with respect to the cumulative count values. Combined with the max
operation in Eq. (12), the resulting travel time function is piecewise differentiable with respect to the
simulation parameters, enabling gradient-based optimization of trip-level objectives. Furthermore, the
time-dependent shortest path is automatically recovered from the results of the differentiable DUQO.
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3.3.3 Differentiable INM

The INM described in Section 3.2.3 is an iterative algorithm whose number of iterations depends on
the current demand and supply values. AD requires a static computation graph, so the variable-length
iteration must be reformulated. We express the INM as a fixed-length scan of K = |£P| 4 [£2"| + 1
iterations, where each iteration is a closed-form update involving only arithmetic and min/max.

Consider node v withinlinks/ = 1, ..., I,outlinkso = 1, ..., J, turning fraction matrix B = [b;,],
and merge priorities ;. Let cjl(k) and df,k) denote the accumulated inflow and outflow allocations at
iteration k, initialized as ql(o) =0 and qu0) = 0. Each iteration proceeds as follows.

First, the active set indicators are computed. An inlink [ is active if its allocation has not reached
its demand and none of its target outlinks is saturated:

o) =10 <o - T 1 < S.). (22)

o: blo >0

where 1[-] denotes the indicator function. An outlink o is active if it has remaining supply and at least
one active inlink feeds it:

5 =1[q%) < So] 1[0y, 5001 > 0] (23)

Second, the priority-weighted direction is computed:

I
B=0 0,  do=) b (24)
=1
Third, the step size 0 is determined as the largest increment that does not violate any constraint:
(K .
. . Dz—q,() . So—qf)k)
f =min<{ min ——, min —— 3. (25)
Lef=1 @ o:dk=1 Do

At each iteration, 6 drives at least one constraint to its bound, so the algorithm converges in at most
K =1+ J+ 1 iterations.
Finally, the allocations are updated:

i =g voe, Y =g 00, (26)

After convergence (when no inlink is active), ¢; = 0 for all [, and thus § = 0 regardless of the
remaining capacity. Subsequent iterations apply the identity ¢*t1) = ¢(*), contributing neither to the
forward output nor to the backward gradient. The procedure is summarized in Algorithm 1.

The key property for AD is that each iteration (Eq. (22)-Eq. (26)) is expressed as arithmetic and
min/max operations on the continuous variables D;, S,, o;, and b;,. The indicator functions are
implemented as comparisons that select between two continuous paths (e.g., ¢; = g or ¢; = 0),
so the gradient with respect to a; and b;, flows through the active constraints at each iteration. The
fixed iteration count K ensures a static computation graph, and the natural zero-padding (# = 0
post-convergence) avoids any approximation.
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Algorithm 1 Fixed-length differentiable INM at node v

Require: Demands Dy, supplies S, turning fractions B = [by,], priorities o
Ensure: Inflow allocations ¢;, outflow allocations ¢,
1: ¢« Ofori=1,...,1; o+ Oforo=1,...,J

2: fork=1,...,K do > K =1+ J+ 1, fixed length
3 0] « 1[G < D1 Tl,p, 50 Ldo < So] for each i > Active inlinks
4 5%+ 1[go < S,] - 105,50 5? > (] for each o > Active outlinks
s G e ap o Y b b > Direction (Eq. (24))
6: 0« min{ming.450(D; — G)/d1, ming p,>0(Se — do)/ B0} > Step size (Eq. (25))
7 G Gt0ds Go< Got 00 > Update (Eq. (26))
8: end for

9: return ¢, g,

3.3.4 Differentiable DUO with logit model-based smoothing

The DUO model (Section 3.2.4) introduces three additional components that must be handled within
the AD framework: instantaneous travel time computation, shortest-path-based routing, and handling
of the zero gradient of any route choice pattern.

The instantaneous travel time (Eqgs. (16) and (18)) is computed by evaluating the cumulative
curve N (t,z). The required operations are composed of subtraction (Eq. (15)), linear interpolation
(Eq. (21)), min (from Newell’s formula), arithmetic, and min/max (from the FD). Consequently, the
travel time 7;(¢) is differentiable with respect to all state variables and FD parameters by the same
mechanisms described in Section 3.3.2.

The Bellman—Ford algorithm produces a shortest path tree {75} that is a discrete (integer-valued)
function of the link travel times. This discrete mapping is not differentiable in the classical sense.
However, the diverge ratios (Eq. (19)) that are actually used by the node models are continuous functions
of the per-destination vehicle counts w?(¢), which are themselves differentiable state variables. A
perturbation to € that does not change the shortest path tree leaves the route indicator 1[r) =
o] unchanged; the gradient flows through the weights w?(¢) in the numerator and denominator of
Eq. (19). When a perturbation is large enough to change the shortest path tree, the diverge ratios shift
discontinuously; however, this is a measure-zero event analogous to the min/max kink points in the
LTM.

In practice, gradient-based optimizers handle these discontinuities without difficulty, because the
diverge ratios are piecewise smooth and the subgradients from the Bellman—Ford algorithm provide
valid descent directions.

The per-destination outflow (Eq. (20)) is a ratio of differentiable cumulative counts. Division by
N, v (t) is protected by a small constant to avoid division by zero; the gradient is well-defined whenever
traffic is present on the link.

However, this deterministic DUO model has a significant limitation for particular applications.
That is, although this model is continuous and differentiable almost everywhere, the gradient of the
shortest path with respect to link cost is zero almost everywhere (i.e., a step function). This is because
a small change in link cost usually does not change the path at all, and when the change is sufficiently
large, the shortest path switches discontinuously. In order to relax this limitation, we introduce a
logit-based route choice model (Ben-Akiva and Bierlaire, 1999). For traffic with destination s that
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arrives at node v at time ¢, the turning probability to link [ is defined as

exp (—uCost(l; s, t))
ocLgut €XP (—pCost(o; s,t))’

p(l,vss,t) = 5 27

where 1 is the logit scale parameter and Cost(l; s, t) is the shortest path cost from link / to destination
s at time ¢, which is simultaneously obtained by the aforementioned Bellman—Ford algorithm along
with ;. Figure 6 illustrates the relation between DUO and logit-DUO. In fact, this can be considered
a common approach to modeling route choice. The total turning rate is then computed by aggregating
p(l,v; s, t) over destinations, weighted by the traffic volume bound for each destination.

probability of
choosing link [
deterministic DUO
1 ]
() =4
! logit-DUO
6 C:: cost of link /

cost of
alternative link

Figure 6: Conceptual illustration of logit-DUO.

In summary, the DUO and logit-DUO models preserve end-to-end differentiability: the gradient
flows from the objective through the per-destination cumulative counts, through the diverge ratio
computation, through the node models, and back to the FD and demand parameters. Furthermore, the
logit-DUO typically has a non-zero gradient with respect to link or path cost. The use of physically
grounded route choice models, rather than a differentiable surrogate model, ensures that the simulator
produces traffic-theoretically consistent user optimum flows while maintaining gradient access.

3.3.5 Simulation algorithm

The complete simulation procedure is summarized in this section. The simulation state x; consists
of the cumulative count arrays {N; (), N; p(t) }iez, origin demand queues {r,(¢)}, and absorbed
vehicle counts at the destination nodes. Each timestep applies the transition function g:

Ti4+1 = g(mtu tv 0)7 (28)

where g is the composition of demand/supply computation, node model evaluation, and cumulative
count update.

Algorithm 2 summarizes the differentiation pipeline. The one-step transition g encapsulates the
LTM computations (Sections 3.2.1 and 3.2.3), expressed through arithmetic and min/max so that
the composition is piecewise differentiable. In the pseudocode, Scan denotes a sequential fold that
iteratively applies g over all timesteps starting from the initial state = (i.e., cumulative counts, queues,
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Algorithm 2 Differentiable LTM: compilation and differentiation

Require: Parameter vector 8; network G; scalar objective J (as a function of state variables)
Ensure: Gradient Vg.J or Jacobian-vector product
— Compilation (once) —
1: Define one-step transition g(x¢, t; 0): > Piecewise differentiable
Demand/supply via min/max (Eqgs. (8) and (9)) with linear interpolation (Eq. (21))
Travel time 7; from N-curves (Eq. (18)); shortest paths via Bellman—Ford;
logit-DUO diverge ratios /3., from per-destination weights (Egs. (19) and (27))
Node models via min/max fixed- K INM with min/max (Algorithm 1)
Per-destination flow split by FIFO (Eq. (20))
Cumulative count update (Egs. (10) and (11)) and queue update

2: Define F'(0) = Scan(g, xo, [0,...,Ts—1];0) > Forward simulation
3: Define L(0) = J(F(0);0) > Scalar loss
4: JIT-compile L > Trace computation graph; fuse operations
— Differentiation mode (per call) —
Option A: Reverse mode (for |6| > 1, scalar J) > O(Ts) time, O(y/Tsn,) memory
5: VgJ < Grap(L)(0) > Backprop through Scan with checkpointing
Option B: Forward mode (for memory-less per-parameter sensitivity) > O(Ts) time per direction
6: 0J/00; < Ive(L,0,e;) > Propagate unit tangent e; through Scan

and absorbed counts at ¢ = 0, typically all zeros). GRAD denotes the reverse-mode gradient operator,
Jvp denotes the forward-mode Jacobian-vector product, e; is the i-th standard basis vector in parameter
space, and JIT refers to just-in-time compilation that traces and fuses the computation graph. These
correspond to the JAX primitives jax.lax.scan, jax.grad, jax.jvp, and jax. jit, respectively.

Since the entire computation graph is differentiable, both reverse-mode and forward-mode AD
are applicable. Reverse-mode AD computes the full gradient VgJ in a single backward pass by
backpropagation through the Scan, which is mathematically equivalent to the discrete adjoint method
(Pontryagin et al., 1962) but derived automatically. This mode is efficient when the objective is scalar
and |0)| is large (e.g., OD demand calibration), as the cost is independent of the parameter dimension.

Forward-mode AD, conversely, propagates a tangent vector through the Scan in a single forward
pass, computing the directional derivative 9.J/90; for one parameter at a time. This mode is efficient
when |6] is small or when the Jacobian-vector product (rather than the full gradient) is needed, as it
requires no additional memory beyond the forward simulation state. Higher-order derivatives (e.g.,
Hessian-vector products) are also available by composing the two modes.

Two additional technical strategies are implemented to enhance computational efficiency. First, the
node model evaluation within each timestep is vectorized across all nodes: the transfer logic for each
node type is computed simultaneously via batched array operations, and the appropriate result for each
node is selected through element-wise conditionals, enabling data-parallel execution on accelerator
hardware such as Graphics Processing Units (GPUs). Second, the Scan carry state is restricted to a
sliding window of recent cumulative counts whose width is determined by the maximum free-flow
travel time and is thus sufficient for all demand and supply lookups, while per-step incremental flows
are emitted as auxiliary scan outputs. The full cumulative count trajectories are then reconstructed by
summation after the scan completes, reducing the per-step carry dimension and the associated memory
overhead of reverse-mode differentiation. These strategies allow us to simulate large-scale scenarios
very quickly using a GPU (see Section 4.2 for an example).
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3.3.6 Differentiable parameters and computational cost

The differentiable parameters span all physically meaningful inputs: FD parameters (ug, x;, w;), OD
demand (g,s(t)), and merge priorities (cy). In the fixed turning rate mode, diverge ratios (3,,) and
turning fractions (b;,) are additionally differentiable. The cost of the backward pass is proportional to
that of the forward simulation (typically 2-5 times) and is independent of the parameter dimension |6).

3.4 Summary

The proposed simulator, named UNsim, combines the LTM for link dynamics, a suite of node models
(origin/destination, dummy, diverge, merge, and the INM for general nodes), and an end-to-end
differentiable formulation. The simulation computes the /N-curve (cumulative vehicle count) as the
primary state variable, as opposed to the vehicle trajectory X used by Lagrangian (agent-based)
simulators such as UXsim (Seo, 2025), hence the name. The entire mapping from parameters to
objective functions is differentiable almost everywhere without significant approximations, enabling
exact gradient computation for calibration, sensitivity analysis, and optimization tasks. Furthermore,
the end-to-end differentiable implementation provides a natural foundation for integrating neural
network modules with the physical simulator, potentially enabling physics-informed hybrid models in
future work. The computation code is implemented using Python and JAX (with GPU-acceleration),
and released as an open-source Python package.

4 Numerical examples

Two numerical examples are presented. First, in Section 4.1, we investigate whether the values of
AD-based partial derivatives of the proposed model are reasonable or not. We use a small toy network
for interpretable analysis. Second, in Section 4.2, we apply the proposed model to a dynamic congestion
pricing optimization problem in a large-scale, realistic network called the Chicago-Sketch dataset and
solve a differentiable simulation-based traffic optimization problem.

4.1 Verification of partial derivatives in simple toy networks

In order to verify that the partial derivatives computed by the differentiable simulator are qualitatively
and quantitatively reasonable, we use a simple Y-shaped merge network and a two-routes network.

4.1.1 Merge network

We consider a merge network consisting of four nodes (two origins, one merge, one destination) and
three links, as illustrated in Fig. 7. All links have identical FD parameters and length: v = 20 m/s,
g = 0.8 veh/s, kK = 0.2 veh/m, and d = 1000 m. The merge priority weights are also equal for
both incoming links («; = a2 = 1). Origin 1 generates demand at a rate of g; = 0.45 veh/s during
t € [0,1000] s, and origin 2 generates demand at go = 0.6 veh/s during ¢ € [400,1000] s. The
combined demand (0.45 + 0.6 = 1.05 veh/s) exceeds the downstream link capacity (0.8 veh/s) during
the overlap period, causing congestion at the merge. The simulation uses a timestep of At = 5 s and
a duration of T},,x = 2000 s. Forward simulation results are visualized in Figs. 8 and 9; merging
congestion consistent with the kinematic wave theory was accurately simulated.
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Figure 8: Network speed (normalized by free-flow speed). The width represents the density at the
segment.

First, we define the total travel time (TTT) as an objective function:

Ts—1 Ts—1
TTT =Y Y max{Nyy(t) = Nip(t), 0}-At+ Y > r(t)- At (29)
leL t=0 vENorig t=0

where Norig denotes the set of origin nodes. The first term accounts for vehicles on links, and the
second term accounts for vehicles in vertical queues at origins.

Once the forward simulation with a given parameter vector 8 is completed, the partial derivative
of TT'T with respect to any element of 6 is obtained by a single backward pass. For example, the
partial derivatives of TTT with respect to the demand rates are computed as

oTTT = 437455.688, oTTT
oq g2

= 421503.938, (30)

where g; and g3 denote the demand rates at origin 1 and origin 2, respectively. Both values are positive,
indicating that an increase in demand from either origin increases the TTT—a reasonable result. It
would be worth emphasizing again that this is not a numerical differentiation, a finite difference, or
any other approximation; they are simultaneously computed by one AD operation.
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Figure 9: Time-space diagrams of density (normalized by jam density). Note that these values
are obtained by numerically differentiating N for visualization purposes, and thus some
numerical noises exist, especially near the link borders.

With respect to the FD parameters, the following values are obtained:

oTTT = —1278.282, oTTT = —616.873, OTTT
ouq Oug

= —2024.685. 31)
Ous
All values are negative, meaning that increasing the free-flow speed of each link decreases TTT.
Furthermore, the magnitude is largest for link 3, which is used by all traffic after the merge.

Now let us look at individual link states:

OTTTlinkl OTTTlink2
——— = —45900.031, _
oo Oaq

= 40725.027, (32)
where T'TTlink/ denotes TTT on link [ only, defined similarly to Eq. (29). They mean that TTT on
link 1 decreases if the merging priority of link 1 increases; conversely, TTT on link 2 increases if the
merging priority of link 1 increases.

We now examine some individual vehicle trajectories. Let T'T(¢, r, s) be the travel time of a vehicle
that departs from origin r at time ¢ and travels to destination s. As explained in Section 3.2.2, this
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value can be directly computed from the LTM by using the cumulative count. We obtain the following
values:

OTT(100, origl, dest) OTT(500, origl, dest)

— 0.000, — —56.250, (33)
8&1 8041
HTT(100, orig2, dest HTT(500, orig2, dest
(100, orig2, dest) _ 90, (500, orig2, dest) _ . 1, (34)
0041 80&1

Around ¢ = 100 s, there is no congestion. Therefore, the merging priority ratio does not have any
impact on vehicles. Around £ = 500 s, congestion exists due to the merge. Therefore, increasing
the merging priority ratio of link 1 decreases the travel time of vehicles departing from origin 1, and
increases that of those departing from origin 2.

In order to quantitatively verify the AD of the proposed model, we compare it with values obtained
by the finite difference method. Note that finite difference is a numerical approximation and is not
necessarily accurate, especially near non-differentiable points. Furthermore, the relationship between
the magnitude of perturbation size ¢ and the accuracy of the numerical derivative is not clear a
priori; thus, we use the central differentiation shown in Eq. (A.2) with € ranging from 107> to 10~
Nevertheless, the finite difference method could be useful as a baseline. Table 1 summarizes the
results. The AD values generally agree with those of the finite difference method, which supports the
accuracy of the proposed model.

Table 1: Comparison between AD and finite difference in the merge network.

Finite Difference

Partial derivative AD

e=10"1 e=10"2 e=10"3 e=10"% e=10"°
OTTT / Bq1 437455.688  459549.844  449726.563  448187.500  455546.875 346875.000
OTTT / Oga 421503.938  439550.078  434210.938  434820.313  437031.250 401562.500
OTTT / Huy —1278.282 —1335.547 —1337.500 —1320.313 —1718.750 1562.500
OTTT / Buo —616.873 —589.141 —589.844 —578.125 —468.750 —2343.750
OTTT / Hus —2024.685 —2025.547 —2025.781 —2023.438 —1406.250 0.000
ATTTlinkl / By —45900.031 —46024.531 —45603.516 —44746.094 —50820.313 —110546.875
OTTTIink2 / Havy 40725.027 36414.277 35819.727 35679.688 34003.906 22851.563
ATT(100, origl, dest) / Dy 0.000 0.000 0.000 0.000 0.000 0.000
OTT(500, origl, dest) / Dy —56.250 —56.818 —56.256 —56.244 —56.458 —57.983
ATT(100, orig2, dest) / Dy 0.000 0.000 0.000 0.000 0.000 0.000
OTT(500, orig2, dest) / Dy 75.000 75.000 75.000 75.043 74.463 73.242

4.1.2 Two-routes network

Now we consider a network with single OD pair and two routes shown in Fig. 10. There are two routes:
a fast route with a bottleneck of capacity ¢f;x and a slow route with no bottleneck. The demand is set
as follows: the flow is lower than the bottleneck capacity at the beginning, higher than the capacity in
the middle, and back to a low value at the end. For the detailed specification, see Fig. 10. The forward
simulation result is illustrated in Fig. 11. It can be seen that, during the high demand period, traffic
congestion occurred on the fast route and the flow on the slow route increased. Once the traffic reached
equilibrium (around ¢ = 1200 s), it remained in the steady state until the high demand period ended.
Note that, since the logit model was used, a small flow was observed on the slow route as well during
the low demand period although the travel time was longer than that on the fast route. We conclude
that the logit-DUO route choice model behaved reasonably by responding to the time-varying traffic
situation endogenously.
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Figure 10: Two-routes network
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1400
1200 0.8
1000 —_ — —

800

Position (m)

600 0.4
400
200

500 1000 1500 2000 2500 3000 3500 4000
Time (s)

(b) Slow route

Figure 11: Time—space diagrams of normalized density in the two-route network.

We compute partial derivatives with respect to the bottleneck capacity gpy. The results are
summarized in Table 2 along with those approximated by the finite difference method, where ATT!
denotes the average travel time of link /, and TT(¢, p) denotes the travel time of a vehicle that starts
traveling path p at time ¢. Qualitatively, the AD values are reasonable. For example, the partial
derivatives of the following variables are negative: TTT, ATT of the link upstream of the bottleneck,
and the travel time of vehicles on the fast route during the congested period. Furthermore, those of the
following variables are almost zero, meaning that they are not affected by the bottleneck capacity: the
average travel time of links downstream of the bottleneck or on the other route, and the travel time of
vehicles that did not experience congestion. Quantitatively, the AD values generally agree with those
of the finite difference method.

4.2 Dynamic congestion pricing optimization in Chicago-Sketch network

Now, we apply the proposed model to a dynamic congestion pricing optimization problem in a large
network to validate the model’s overall capability. This is a suitable problem to investigate the unique
features of the model: endogenous dynamic route choice and scalability for large scenarios.
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Table 2: Comparison between AD and finite difference in the two-route network.

Partial derivative AD Finite Difference

with respect to g5 e=10""1 e=10"2 e=10"3 e=10"% e=10"°
TTT —586313.750  —373412.344  —608487.500 —585906.250 —613515.625 —507031.250
ATTfast1 —314.249 —213.364 —327.942 —312.449 —361.748 —220.490
ATTfast2 —0.001 —0.000 0.072 —1.287 31.567 —41.103
ATTslow] 0.010 —0.027 —0.154 —0.328 —9.422 —13.733
ATTslow2 —0.005 —0.000 0.002 0.000 0.114 5.341
TT(100, fast) 0.000 0.000 0.000 0.000 0.000 0.000
TT(1500, fast) —570.359 —390.270 —608.917 —570.251 —576.782 —439.453
TT(100, slow) 0.000 0.000 0.000 0.000 0.000 0.000
TT(1500, slow) 0.001 0.000 0.000 —0.061 0.000 0.000

4.2.1 Optimization problem formulation

Consider a situation where a time-varying toll is charged on each link in a network. The toll on link /
is determined by a step function:

Ti(t) =T} t € [iAtwn, (i + 1)Aton), Vi, (35)

where 77 is a constant toll for time period ¢, and Aty is the period duration. Our problem is to
determine the values of 7;* for all links / and time periods 4.
The optimization problem is defined as

i\ 2
min J:TTTJr)\E '), 36
77‘,Vl,i T ( l ) ( )
s.t. T >0, Vi, 1, (37)

where the first term in the objective function is the total travel time defined by Eq. (29), and the second
term is an L2 regularization term to prevent excessively large tolls and the potentially negative effects
of tolls that do not have any impact on traffic (e.g., tolls charged on links with no traffic). Parameter
A = 0.001 is a small weight parameter for L2 regularization.

For optimization, we employ Adam (Kingma and Ba, 2015), one of the standard gradient-based
optimization algorithms. The gradient V7 J is computed by reverse-mode AD through the entire DUO
simulation, including the dynamic shortest-path routing and per-destination flow tracking. We also
use gradient clipping that shrinks the gradient vector if its L2 norm exceeds 2 x 10% and a projection
77 > 0 for the non-negative constraints. The other hyperparameters are as follows: learning rate
n = 7.0, momentum parameters 31 = 0.9 and 52 = 0.999.

4.2.2 Network and simulation setting

We use the Chicago-Sketch dataset published by Transportation Networks for Research Core Team
(2021), which is a common dataset for this kind of analysis. It contains 927 nodes, 2557 links, 17 963
OD pairs, and approximately 1 million vehicles; note that the network data was slightly adjusted in
order to fit the technical requirements of the proposed model. The demand data was also modified
to make it suitable for a dynamic pricing problem with a 3-hour simulation duration. The original
demand pattern was assumed to continue for 1 hour. Then, the time periods were equally divided into
three, and the flow rate in the second period was multiplied by 1.5, mimicking a peak period. The total
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number of vehicles was 1 165433. The number of decision variables (’77) was 15320 (383 congested
links x 40 time periods). Fig. 12 shows the simulated results without pricing. Severe downtown
congestion is observed.

Model parameter settings are as follows. The LTM’s timestep size At was 33.3 sec. The DUO’s
route choice interval At and pricing update time At were 300 sec. We use logit-DUO with
scale parameter ;. = 1/10 (i.e., near-deterministic choice). For the link FD and demand settings,
we mostly adopt the configuration of the original dataset; readers are referred to https://github.
com/toruseo/UNsim for the specifications as they are too detailed to describe here. This simulation
scenario was converted into a computational graph for AD with the following size: 706 nodes and
1992 edges for one time step, corresponding to 446k nodes and 1.41M edges in total.

For computation, a cloud server with a GPU was used. The detailed specification is as follows: 1x
NVIDIA GH200 (VRAM 96GB), 64x vCPUs (ARM Neoverse-V2 2.0GHz), 432 GB RAM. Thanks
to GPU-accelerated parallel computation implemented in the proposed model, the simulation speed
itself is very fast. One evaluation took around 0.8 sec on average: 0.2 sec for forward simulation and
0.6 sec for reverse-AD.
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Figure 12: Simulated average link delay in the Chicago-Sketch data scenario without pricing. “Delay”
is the ratio of the excess of the average link travel time over the free-flow travel time.
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4.2.3 Results

The total number of iterations was set to 10000 without a convergence check. The computation time
was 8373 seconds, corresponding to 0.8 seconds per iteration. The TTT without pricing was 1 120 100
veh-hr, and that with optimal pricing was 509 743 veh-hr, representing a 54.5% reduction. The average
toll per link was about 5 minutes of travel time, which can be roughly converted to a monetary value
of 2 USD.

Figure 13 shows the average network state in the best pricing case. By comparing with the no-toll
case (Fig. 12), we can see that severe congestion in downtown was mitigated significantly.
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Figure 13: Average link delay with the best pricing.

Figure 14 summarizes the convergence process over the iteration. It can be seen that the objective
function (with the L2 regularization term) and TTT decreased stably and almost converged around the
3000th iteration. The norm of the gradient behaved reasonably: the gradient was very large at the
beginning, and then it mostly stayed in some range (10°-107) after the initial stage. No significant
instabilities were observed, thanks to the exact differentiation. This convergence process could be
further improved by implementing iteration termination criteria or fine-tuning the optimizer (e.g.,
adaptive adjustment of the step size), but such technical improvements are beyond the scope of this
work.

The spatial distribution of tolls is shown in Fig. 15. Most of the tolls were charged inside and
around the downtown congested area. It appears that a toll pattern similar to perimeter control might
have been learned by the model.
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Figure 14: Convergence of the objective function, TTT, and gradient.

Figure 16 shows the dynamics of toll and traffic state in the best pricing solution. The toll in
Fig. 16a has a clear peak. Vehicle counts in Fig. 16b also show similar peak patterns. They suggest
that, as the number of vehicles increased, higher tolls were likely imposed to guide their route choices.
As aresult, speed dynamics (Fig. 16¢)® were very different between the with-toll and no-toll scenarios.
With the toll, congestion was avoided or mitigated, resulting in a significant improvement in speed.

Finally, in Fig. 17, traffic dynamics are analyzed by using the Macroscopic Fundamental Diagram
(MFD) (Mahmassani et al., 1984; Geroliminis and Daganzo, 2007). The results are highly interpretable.
In the no-toll scenario, the network state entered the congested regime of the MFD, and caused
a significant hysteresis phenomenon (Geroliminis and Sun, 2011a,b), leading to a very inefficient
situation. On the other hand, in the with-toll scenario, network traffic was routed in an efficient manner
by avoiding the congested regime and significant hysteresis. The maximum throughput was even
increased. These results suggest that the derived optimal pricing was very efficient.

*Note that Fig. 16c contains some anomalies (i.e., visually unusual but non-essential phenomena), such as sudden
increases and decreases in speed at the initial stage (< 0.1 h) in both scenarios and high speed around 80 km/h after ¢t > 1.5
h in the with-toll scenario. Although these patterns are visually noticeable, the number of vehicles during these time periods

is very small, as shown in Fig. 16b. Therefore, these patterns do not represent the overall characteristics of the network
traffic.
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Figure 15: Average link toll in network.

4.2.4 Comparison with SPSA

In order to quantify the advantage of the proposed AD-based gradient computation, we solved the
same congestion pricing problem using SPSA (Spall, 1998), a conventional derivative-free optimization
method in the simulation and DTA literature (Balakrishna et al., 2007; Lu et al., 2015). SPSA estimates
the gradient by evaluating the objective function at two symmetrically perturbed points @ + ¢ 8, where
each component of 4 is an independent Bernoulli +1 random variable. The gradient approximation at
the k-th iteration is defined as

. J(0 + c0) — J(0 — c19)

o = s , (38)

which requires only two forward simulations per iteration regardless of the parameter dimension. Then,
the parameters are updated as

0111 = 0, — args, (39)

27



H o o= NN
u o u o u

Total toll across all links (h)

o

0.0 0.5 1.0 1.5 2.0 2.5 3.0
Time (h)

(a) Average toll

600000 —— No toll
—— With toll

400000

200000

Vehicles in network

00 05 10 15 20 25 30
Time (h)

(b) Total vehicle count

—— No toll
801 — with toll

60
404

201

Network average speed (km/h)

0.0 0.5 1.0 1.5 2.0 2.5 3.0
Time (h)

(c) Average speed

Figure 16: Time-series of toll and traffic states.

where the step size ay = a/(A + k)® and perturbation magnitude ¢, = ¢/k” follow the standard
decay schedule recommended by Spall (1998) with A = 100, o = 0.602, v = 0.101, and the initial
parameters ¢ = 30 and a = 0.0001 are calibrated to achieve the best performance as much as possible.
The objective function for SPSA is the same as that for AD, Eq. (36).

In order to conduct a fair comparison, we used the same total computation time for SPSA and AD.
In AD, one iteration requires a forward simulation and reverse AD, and a total of 10000 iterations
were performed in 8365 sec. SPSA requires two forward simulations per iteration, which results in a
shorter iteration time than one AD iteration. Therefore, the total number of iterations for SPSA was
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Figure 17: Macroscopic Fundamental Diagram.

set to 17 000, which took 8532 sec.

Figure 18 summarizes the comparison results. According to the convergence plot (Fig. 18a), AD
converges faster and achieves a better objective value than SPSA. It is noteworthy that SPSA achieved
non-trivial improvements, as already demonstrated in existing studies; it reduced TTT from the initial
1120 100 veh-hr to 757 566 veh-hr. However, this value is still substantially larger than the AD result
of 509 743 veh-hr.

Figure 18b compares the link average tolls obtained by AD and SPSA. A clear tendency can be
observed. While AD tailored the toll for each link, SPSA assigned similar tolls to all links. This
demonstrates the differential capability of AD. Namely, while SPSA evaluated only the averaged
effects over all links captured by the aggregated gradient approximation in Eq. (38), AD accurately
distinguished the impact of each link toll on network traffic by using per-parameter exact partial
derivatives.

5 Conclusion

In this study, an end-to-end differentiable framework based on automatic differentiation for dynamic
network simulation is presented. The model is based on the Link Transmission Model and the
Dynamic User Optimum route choice model, which can be considered standard and reasonable models
in transportation research. By leveraging the nature of these models, the proposed framework is
formulated as differentiable almost everywhere without significant approximations; this is a substantial
advantage compared with existing differentiable traffic simulation models. Extensive numerical
verifications in small interpretable toy networks confirmed that the model computes qualitatively
and quantitatively reasonable partial derivatives. Furthermore, the model was applied to a dynamic
congestion pricing optimization problem on the Chicago-Sketch network to demonstrate its overall
accuracy and scalability.

The proposed simulator, UNsim, is implemented using Python and JAX and released as open-source
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Figure 18: Comparison between AD and SPSA.

software on GitHub (https://github.com/toruseo/UNsim) and PyPI (pip install unsim).
All code that reproduces the presented results is also published in the same GitHub repository.

For future research, the following directions are worth considering. First, there is room for
improvement in the model and algorithms to facilitate numerical applications. During this study’s
numerical experiments, it was found that the proposed model frequently produces zero gradients.
This is a theoretically reasonable behavior: the information flow in the LWR model with a triangular
FD is quite asymmetric (e.g., information in free-flowing traffic only propagates downstream; traffic
capacity in free-flowing traffic does not have any impact on traffic), and the proposed differentiable
model accurately and exactly reproduces these behaviors. However, such zero gradients are sometimes
troublesome for gradient-based optimization algorithms, as they may create a large plateau on the
objective function. The development of tailored optimization algorithms or the introduction of artificial
smoothing or viscosity methods might be worth considering for numerical convenience. In addition,
computation cost and memory consumption can be further reduced by employing existing techniques
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in automatic differentiation.

Second, the application of the proposed framework to other tasks is important. Since the primary
contribution of this study is the development of the differentiable simulation model, the numerical
examples focused on dynamic congestion pricing as a representative application. Nevertheless, the
same gradient-based approach is directly applicable to a broader set of transportation engineering tasks,
such as OD demand estimation (e.g., by minimizing the difference between observed and simulated
flow with an assumed demand), FD parameter calibration (e.g., similar to OD estimation), network
design optimization (e.g., by adding link capacity decision variables and budget constraints), and other
traffic control and optimization (e.g., by adding traffic signal configuration or ramp-metering capacity
as decision variables and adjusting the node model to account for them). The proposed model can
directly incorporate these problems. Furthermore, since the computation time of the simulator is short,
application to real-time control would also be promising.

Third, direct integration with deep learning would be interesting. Since the simulator is end-to-end
differentiable, neural network components can be embedded directly into the computation graph and
trained jointly with the physical model parameters via the same gradient pipeline, as demonstrated
in other transportation studies (Sifringer et al., 2020; Shi et al., 2022; Liu et al., 2023; Ma and Seo,
2025). In order to exploit this capability, physics-informed deep learning integration is a promising
direction: for example, parameterizing spatiotemporal OD demand patterns or fundamental diagram
functions with neural networks while retaining the LTM and DUO as the physical backbone. Such
hybrid models would combine data-driven flexibility with the traffic-theoretical consistency guaranteed
by the network traffic flow theory.
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A Automatic differentiation and computation graphs

This appendix provides a brief overview of automatic differentiation (AD) and its important concept,
the computation graph, and explains why AD is beneficial for traffic simulation. For a comprehensive
treatment, see Griewank and Walther (2008) and Baydin et al. (2018).

A function J(0) given by a fixed finite evaluation procedure can be written as a composition
of elementary operations (e.g., addition, multiplication, min, exp, log). This decomposition can be
represented as a computation graph: a directed acyclic graph in which each node corresponds to
an intermediate variable and each edge represents a dependency. AD computes derivatives of J by
systematically applying the chain rule along this graph.

As a minimal example, consider the function J = (ax + b)? with parameters & = (a,b) and a
fixed input z. The computation can be decomposed into three elementary operations:

v1 =axr, vy =1v1+Db, sz%. (A.1)

This can be represented as a computation graph shown in Fig. A.1.

U1

Y
<

|

Figure A.1: Computation graph for J = (ax + b).

SOt
€

In forward mode, one propagates tangent values from inputs to output. For instance, setting & = 1
and b = 0 yields 0, = z, 0o = z, and J = 2vpz = 2(azx + b)x, which is 8.J/da. A second pass with
a=0,b=1gives 8.J/0b = 2(ax+Db). In reverse mode, one propagates adjoints from output to inputs
in a single pass: starting with J = 1, one obtains Uy = 2vy, then 0] = U = 2vy and b = Ty = 2v9,
and finally @ = 71 - * = 2vpx. Both derivatives are obtained simultaneously, regardless of the number
of parameters.

More generally, in forward mode, the graph is traversed from inputs to outputs, propagating a
tangent vector @ to obtain the directional derivative J = (9.J/86)8. The cost is proportional to one
forward evaluation per input direction, so computing the full gradient with respect to P parameters
requires P passes. In reverse mode, the graph is traversed from outputs to inputs, propagating an
adjoint backward to obtain the full gradient 9.J/08 € RY in a single pass, regardless of P. This is the
same mechanism as backpropagation in neural networks.

The distinction between forward and reverse mode has a direct practical consequence for traffic
simulation. A conventional (non-differentiable) simulator treats J as a black box; sensitivity analysis
requires the finite-difference method, which perturbs each parameter individually, such as the central

32



difference

8 J(zte) —Jx—e
or 2¢

(A.2)

for a particular parameter x. In order to obtain all of the partial derivatives, this costs O(P) simulation
runs. In contrast, a differentiable simulator exposes the computation graph to an AD framework.
Reverse-mode AD then computes the exact gradient at a cost that is a small constant multiple (2-5x)
of one forward simulation, regardless of P. This makes gradient-based optimization feasible even for
high-dimensional problems such as time-dependent and link-dependent congestion pricing across a
large network. The gradient itself is also a useful output for sensitivity analysis, as it reveals which
parameters have the greatest influence on the objective.

For a traffic simulation with T's timesteps, the computation graph is the sequential composition
xo) — T3 — -+ — T7y, Where each transition x;11 = g(, t; @) contributes a subgraph. Reverse-
mode AD traverses this chain backward, accumulating 0.J/06 in O(Ty) time. Two requirements must
be met: (i) every operation in g must be (sub)differentiable, and (ii) the graph structure must be static
and independent of the parameter values, so that the AD framework can trace it once and reuse the
trace. How the proposed simulator satisfies both requirements is described in Section 3.3.

The example in Fig. A.l1 involves only three operations, but the principle scales without
modification. A traffic simulation comprising thousands of timesteps, each with demand/supply
computations, node models, route choice, and cumulative count updates, forms a computation graph
with millions of nodes when properly modeled and implemented. As long as every elementary
operation in the graph is (sub)differentiable, the AD framework applies the chain rule automatically
across the entire graph, and the user need not derive any gradient formula by hand or apply numerical
differentiation. This is the fundamental advantage of the differentiable simulation approach adopted
in this study.

The challenge is that J must be expressed as a fixed finite evaluation, as noted earlier. In particular,
operations such as for-loops and if-then rules, which frequently appear in standard traffic simulation
methods, are not compatible with AD, because they change the number of evaluations endogenously.
One of the main contributions of this work is to reformulate the simulation model into a form that
admits fixed finite evaluation, without sacrificing its ability to represent traffic flow dynamics.
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